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NOTES ON THE FUNCTIONAL LYZ ELLIPSOID
NIUFA FANG AND JIAZU ZHOU*
Abstract. We define the functional LYZ ellipsoid of log-concave functions. Then
we give notes appended to [6].
1. Introduction and Preliminaries
Ellipsoids are important objections in convex geometry that characterize equality
conditions of many known affine isoperimetric inequalities, such as the Petty projec-
tion inequality, the Busemann-Petty centroid inequality and its polar, the Blaschke-
Santalo´ inequality.
The well-known John ellipsoid, an ellipsoid of maximal volume contained in a re-
lated convex body, is a very important geometric object in convex geometry (cf. [2],
[10]). Two important facts concerning the John ellipsoid are John’s inclusion in-
equality and Ball’s volume-ratio inequality [2]. In 2000, Lutwak, Yang and Zhang
introduced a new ellipsoid, the LYZ ellipsoid [8]. Lutwak, Yang and Zhang [9] de-
veloped the Lp John ellipsoid. Although Lp John ellipsoids may not be contained
in the original convex body, Lp John ellipsoids satisfy Ball’s volume ratio inequality.
The Lp John ellipsoid provides a unified treatment for several fundamental objects
in convex geometry. If the John point, the center of John ellipsoid, is at the origin,
then L∞K John ellipsoid is precisely the classical John ellipsoid and the L1 John
ellipsoid and the L2 John ellipsoid are, respectively, the Petty and LYZ ellipsoids.
Orlicz John ellipsoids [16] are generalizations of the classical John ellipsoid and the
Lp John ellipsoids. Recently the John ellipsoid of log-concave functions was defined
by Alonso, Merino, Jime´nez and Villa [1], the LYZ ellipsoid for log-concave functions
was defined in [6] and Loewner (ellipsoid) function for a log-concave function was
introduced by Li, Schuett and Werner [7]
Let Kno denotes the set of convex bodies in R
n containing the origin in their interior.
The radial function, ρK , of a convex body K is defined as ρK(x) = max{t ≥ 0 : tx ∈
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K}, x ∈ Rn \ {0}. The LYZ ellipsoid was defined as [8]
ρ2Γ−2K(u) =
1
V (K)
∫
Sn−1
|〈u, v〉|2dS2(K, v), (1.1)
where K ∈ Kno with volume V (K), and S2(K, ·) denotes the L2 surface area measure
of K.
To generalize formula (1.1) to the case of log-concave functions, the corresponding
L2 surface area measure of a log-concave function should be defined. The surface
area measure µf (= ∇(− log f)♯(fH
n), where Hn is the n-dimensional Hausdorff
measure) of log-concave function f , introduced by Colesanti and Fragala` [3], implies
L2 surface area measure of convex bodies. It is not the L2 surface area measure of
log-concave function f . The main reason is the corresponding L2-Minkowski addition
of log-concave functions.
Recall the L2 surface area measure and the classical surface area measure
dS2(K, ·)
dS(K, ·)
= h−1K (·).
The LYZ ellipsoid of log-concave functions can be defined as:
Definition 1.1. Let f be an integrable log-concave function in Rn. Let hf (x) =
supy∈Rn{〈x, y〉+ log f(y)} denote the support function of f and J(f) =
∫
Rn
fdx. The
log-concave function Γ−2f : R
n → [0,∞)
− log Γ−2f(x) =
n
4J(f)
∫
Rn
|〈x, y〉|2hf(y)
−1dµf(y), (1.2)
is called the functional LYZ ellipsoid of f .
The right hand side of (1.2) is a continuous convex function, and the constant n
4J(f)
in (1.2) is chosen such that Γ−2γ(x) = γ(x) (= e
− ‖x‖
2
2 ), the Gaussian function. The
Γ−2f includes the LYZ ellipsoid (Lemma 3.1).
Let ϕ : Rn → R ∪ {+∞}. If for every x, y ∈ Rn and λ ∈ [0, 1],
ϕ((1− λ)x+ λy) ≤ (1− λ)ϕ(x) + λϕ(y),
then ϕ is a convex function. Let
dom(ϕ) = {x ∈ Rn : ϕ(x) ∈ R}.
By the convexity of ϕ, dom(ϕ) is a convex set. We say that ϕ is proper if dom(ϕ) 6= ∅.
The Legendre conjugate of ϕ is the convex function defined by
ϕ∗(y) = sup
x∈Rn
{〈x, y〉 − ϕ(x)} ∀y ∈ Rn. (1.3)
Clearly, ϕ(x) + ϕ∗(y) ≥ 〈x, y〉 for all x, y ∈ Rn, there is an equality if and only if
x ∈ dom(ϕ) and y is in the subdifferential of ϕ at x. Hence,
ϕ∗(∇ϕ(x)) + ϕ(x) = 〈x,∇ϕ(x)〉.
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The convex function ϕ : Rn → R ∪ {+∞} is lower semi-continuous, if the subset
{x ∈ Rn : ϕ(x) > t} is an open set for any t ∈ (−∞,+∞]. If ϕ is a lower semi-
continuous convex function, then also ϕ∗ is a lower semi-continuous convex function,
and ϕ∗∗ = ϕ.
On the class of convex functions from Rn to R∪ {+∞}, we consider the operation
of infimal convolution, defined by
ϕψ(x) = inf
y∈Rn
{ϕ(x− y) + ψ(y)} ∀x ∈ Rn, (1.4)
and the following right scalar multiplication by a nonnegative real number α:
(ϕα)(x) = αϕ
(x
α
)
, for α > 0. (1.5)
In this paper, we consider log-concave functions in Rn:
f : Rn → R, f = e−ϕ,
where ϕ : Rn → R ∪ {+∞} is convex.
A log-concave function is degenerate if it vanishes almost everywhere in Rn. A
non-degenerate, log-concave function e−ϕ is integrable on Rn if and only if [5]
lim
‖x‖→+∞
ϕ(x) = +∞.
Any log-concave function is differentiable almost everywhere in Rn.
Let
L =
{
ϕ : Rn → R ∪ {+∞}
∣∣∣ ϕ proper, convex, lim
‖x‖→+∞
ϕ(x) = +∞
}
, (1.6)
A =
{
f : Rn → R
∣∣∣ f = e−ϕ, ϕ ∈ L} . (1.7)
The total mass functional of f is defined as
J(f) =
∫
Rn
f(x)dx. (1.8)
There are important connections between convex bodies and log-concave functions.
The Gaussian function
γ(x) = e−
‖x‖2
2
plays the role in analysis of log-concave functions as the ball does in geometry of
convex bodies, and
J(γ) = (2pi)
n
2 = cn.
If f ∈ A, the polar function, f ◦, of f is defined as
f ◦ = e−ϕ
∗
. (1.9)
The support function of log-concave function f = e−ϕ is defined in [13].
hf(x) = ϕ
∗(x).
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Let f = e−ϕ, g = e−ψ and α, β > 0. The “Minkowski addition”, α · f ⊕ β · g, of f
and g is defined by
α · f ⊕ β · g = e−[(ϕα)(ψβ)]. (1.10)
The support function of α · f ⊕ β · g satisfies
hα·f⊕β·g(x) = αhf (x) + βhg(x). (1.11)
In particular,
hα·f(x) = αhf(x). (1.12)
Let f, g ∈ A. Whenever the following limit exists
lim
t→0+
J(f ⊕ t · g)− J(f)
t
, (1.13)
denote it by δJ(f, g), the first variation of J at f along g. For f, g ∈ A, set
δJ(f, g) =
δJ(f, g)
J(f)
.
2. Petty projection inequality for log-concave functions
Lemma 2.1. Suppose f ∈ A.
(1) If γT is a Gaussian function that is an Slog solution for f , then
J(f)
δJ(f, γT )
· γT
is an Slog solution for f .
(2) If γT is a Gaussian function that is an Slog solution for f , then(
cn
J(γT )
) 2
n
· γT
is an Slog solution for f .
Proof. (1) Since γT is a Gaussian function that is an Slog solution for f , Lemma 4.1
(2) in [6] tells that J(γT ) = cn, and for any P ∈ GL(n) with J(γP ) = cn,
δJ(f, γT ) ≤ δJ(f, γP ). (2.1)
By directly computing we have
δJ
(
f,
J(f)
δJ(f, γT )
· γT
)
= 1.
From (2.1), and J(γP ) = J(γT ) = cn, we have
J
(
J(f)
δJ(f, γP )
· γP
)
≤ J
(
J(f)
δJ(f, γT )
· γT
)
.
Lemma 4.1 (1) in [6] guarantees that the Gaussian function J(f)
δJ(f,γT )
· γT is an Slog
solution for f .
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(2) Let γT be an Slog solution for f . Then Lemma 4.1 (1) in [6] tells that
δJ(f, γT ) = 1,
and for any P ∈ GL(n) with δJ(f, γP ) = 1,
J(γT )
cn
≥
J(γP )
cn
. (2.2)
By (2.2), δJ(f, γP ) = δJ(f, γT ) = 1, we obtain
δJ
(
f,
(
cn
J(γP )
) 2
n
· γP
)
=
(
cn
J(γP )
) 2
n
δJ(f, γP )
≥
(
cn
J(γT )
) 2
n
δJ(f, γT )
= δJ
(
f,
(
cn
J(γT )
) 2
n
· γT
)
.
Since
J
((
cn
J(γT )
) 2
n
· γT
)
= cn,
Lemma 4.1 (2) in [6] ensures that the Gaussian function
(
cn
J(γT )
) 2
n
· γT is an Slog
solution for f . 
Lemma 2.2. There exists a solution to Problem Slog.
Proof. Given a function γT = e
−
‖Tx‖2
2 (where T ∈ GL(n) is a positive definite sym-
metric matric), we can write it as γT = e
−
‖x‖2
E◦
2 , where E = T tB is an origin-
centered ellipsoid. There exists a vE ∈ S
n−1 such that the diameter of E satisfies
diam (E) |〈vE ,x〉|
2
≤ ‖x‖E◦. Then, we have
diam (E◦)2
8
min
v∈Sn−1
∫
Rn
|〈v, x〉|2dµf(x) ≤
∫
Rn
‖x‖2E
2
dµf(x)
= δJ(f, γT )
≤ J(f).
Since ‖x‖E < diam (E
◦)‖x‖, therefore the upper bound of the convex function(
‖Tx‖2
2
)∗
is depended only on f . According to Theorem 10.9 in [11], there exist
a convex function ϕ˜ such that the Legendre conjugate of a maximizing sequence of
Gaussian functions for Problem Slog converge to ϕ˜. By Lemma 6 in [4] or Theorem
11.34 in [12], a maximizing sequence of Gaussian functions for Problem Slog converge
to ϕ˜∗. By the dominated convergence theorem, there exists a solution to Problem
Slog. 
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Theorem 4.2 in [6] can be rewritten in a simple form.
Theorem 2.1. Let f ∈ A′. Then problem Slog has a unique solution. Moreover, a
Gaussian function γT solves Slog if and only if it satisfies
hγ◦
T
(y) =
n
4J(f)
∫
Rn
|〈x, y〉|2dµf(x), (2.3)
for all y ∈ Rn.
Proof. From Lemma 2.1, we note that if γT solves Slog, then
(
cn
J(γT )
) 2
n
· γT solves Slog.
Since
δJ
(
f,
(
cn
J(γT )
) 2
n
· γT
)
=
(
cn
J(γT )
) 2
n
δJ(f, γT )
= J(f)
(
cn
J(γT )
) 2
n
, (2.4)
and
h
(((
cn
J(γT )
) 2
n
· γT
)◦
, y
)
=
(
cn
J(γT )
) 2
n
· hγ◦
T
(y)
=
(
cn
J(γT )
) 2
n
hγ◦
T

 y(
cn
J(γT )
) 2
n

 , (2.5)
the formula (2.3) follows from Theorem 4.1 in [6], (2.4) and (2.5). 
Let f ∈ A. The new log-concave function Πf of f = e−ϕ is defined by
h(Πf, y) = hΠf(y) =
1
2
∫
Rn
|〈x, y〉|dµf(x), (2.6)
for y ∈ Rn. In particular, if f = e−‖x‖K , then
hΠf(x) = Γ(n)hΠK(x), (2.7)
for x ∈ Rn and K ∈ Kno .
We have the following Petty projection inequality for log-concave functions.
Theorem 2.2. Let f ∈ A and Π◦f denote the polar of Πf . Then∫
Rn
‖∇f(x)‖dx ≥ nω
1
n
n
[
ωnn−1
ωnnΓ(n+ 1)
J(Π◦f)
]− 1
n
≥ nω1/nn
(∫
Rn
|f(x)|
n
n−1dx
)n−1
n
.
The first inequality holds with equality sign if f is the characteristic function of a ball
and the second inequality holds with equality sign if f is the characteristic function of
an ellipsoid.
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Proof. By the definition of Π◦f , integral of polar coordinates with respect to the
sphere Lebesgue measure, Jensen’s inequality and Fubini’s Theorem, we have∫
Rn
Π◦f(x)dx =
∫
Rn
exp
[
−
1
2
∫
Rn
|〈∇ϕ, y〉|fdx
]
dy
=
∫ ∞
0
rn−1
∫
Sn−1
exp
[
−
r
2
∫
Rn
|〈∇f(x), u〉|dx
]
dudr
≥ nωn
∫ ∞
0
rn−1exp
[
−
1
nωn
∫
Sn−1
r
2
∫
Rn
|〈∇f, u〉|dxdu
]
dr
= nωn
∫ ∞
0
rn−1exp
[
−
ωn−1
nωn
r
∫
Rn
‖∇f‖dx
]
dr
=
[
ωn−1
nωn
∫
Rn
‖∇f‖dx
]−n
nωn
∫ ∞
0
rn−1e−rdr
= nωnΓ(n)
(
ωn−1
nωn
)−n [∫
Rn
‖∇f‖dx
]−n
. (2.8)
Equality holds if and only if
∫
Rn
|〈∇f(x), u〉|dx is independent of u. Let f be the
characteristic function, XB, of the unit ball B. By the approximation argument in
Zhang [15], we obtain ∫
Rn
|〈∇XB(x), u〉|dx =
2ωn−1
nωn
.
Hence, the equality holds in (2.9) when f is the characteristic function of a ball.
By the definition of Π◦f , integral of polar coordinates with respect to the sphere
Lebesgue measure, the affine Sobolev inequality (which obtained by Zhang [15, The-
orem 1.1]), we have∫
Rn
Π◦f(x)dx =
∫
Rn
exp
[
−
1
2
∫
Rn
|〈∇ϕ, y〉|fdx
]
dy
=
∫ ∞
0
rn−1
∫
Sn−1
exp
[
−
r
2
∫
Rn
|〈∇f(x), u〉|dx
]
dudr
= 2n
∫ ∞
0
rn−1e−rdr
∫
Sn−1
[∫
Rn
|〈∇f(x), u〉|dx
]−n
du
= 2nΓ(n)
∫
Sn−1
[∫
Rn
|〈∇f(x), u〉|dx
]−n
du
≤ Γ(n+ 1)
(
ωn
ωn−1
)n(∫
Rn
|f(x)|
n
n−1dx
)1−n
. (2.9)
Equality condition follows from the affine Sobolev inequality. 
As mentioned in [14, Corollary 3.1] that the first inequality in Theorem 2.2 includes
a geometric inequality, which involves the surface area and the volume of the polar
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body of Petty projection body. The second inequality in Theorem 2.2 implies the
Petty projection inequality.
3. The functional LYZ ellipsoid of log-concave functions
The Minkowski functional of K is defined as
‖x‖K = max{t ≥ 0 : x ∈ tK}, x ∈ R
n.
For K ∈ Kno ,
‖x‖K = hK◦(x),
where K◦ = {x ∈ Rn : 〈x, y〉 ≤ 1 for all y ∈ K} is the polar body of K.
Lemma 3.1. Let K ∈ Kno . If f(x) = e
−
‖x‖2K
2 , then
Γ−2f(x) = e
−
‖x‖2
Γ−2K
2 .
Proof. Let V¯K denote the normalized cone measure of K, which is given by
dV¯K(z) =
〈z, νK(z)〉
nV (K)
dHn−1(z) for z ∈ ∂K.
For y ∈ Rn, we write y = rz, with z ∈ ∂K, dy = nV (K)rn−1drdV¯K(z). Since the map
y 7→ ∇‖y‖K is 0-homogeneous and the fact that ‖z‖K = 1 when z ∈ ∂K, therefore∫
Rn
|〈x, y〉|2hf (y)
−1dµf(y)
=
∫
Rn
|〈x,∇(‖y‖2K‖/2)〉|
2
(
‖∇(‖y‖2K‖/2)‖
2
K◦
2
)−1
e−
‖y‖2
K
2 dy
=
∫
Rn
|〈x, ‖y‖K∇‖y‖K〉|
2
(
‖‖y‖K∇‖y‖K‖
2
K◦
2
)−1
e−
‖y‖2
K
2 dy
= nV (K)
∫ ∞
0
∫
∂K
rn−1|〈x,∇‖z‖K〉|
2
(
‖∇‖z‖K‖
2
K◦
2
)−1
e−
r2
2 dV¯K(z)dr
= 2
n
2 Γ(n
2
)
∫
∂K
|〈x, νK(z)〉|
2(〈z, νK(z)〉)
−1dHn−1(z)
= 2
n
2 Γ(n
2
)V (K)h2Γ◦−2K(x).
A direct calculation shows
J(e−
‖x‖2
K
2 ) = 2
n
2Γ(n
2
+ 1)V (K). (3.1)
Hence
− log Γ−2f(x) =
1
2
‖x‖2Γ−2K .

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Analogously, Γ−2f is also an intertwining operator with the linear group GL(n).
Lemma 3.2. Let f be an integrable log-concave function in Rn. Then
Γ−2(f ◦ T ) = (Γ−2f) ◦ T,
for T ∈ GL(n).
Proof. Let f = e−ϕ and T ∈ GL(n). Since ∇y(ϕ ◦ T ) = T
t∇Tyϕ, so that
(ϕ ◦ T )∗(y) = sup
x∈Rn
{〈x, y〉 − ϕ(Tx)}
= sup
x∈Rn
{
〈x, T−ty〉 − ϕ(x)
}
= ϕ∗(T−ty).
Then, by a simple calculation we have
− log Γ−2f(x) =
n
4| detT |J(f)
∫
Rn
|〈x,∇(ϕ ◦ T )(y)〉|2ϕ∗(T−t∇(ϕ ◦ T )(y))−1f(Ty)dy
=
n
4| detT |J(f)
∫
Rn
|〈x, T t∇Tyϕ(Ty)〉|
2ϕ∗(∇Tyϕ(Ty))
−1f(Ty)dy
=
n
4J(f)
∫
Rn
|〈Tx,∇ϕ(y)〉|2ϕ∗(∇ϕ(y))−1f(y)dy
= − log Γ−2f(Tx).

The following result is the direct consequence.
Corollary 3.1. For T ∈ GL(n), the LYZ ellipsoid of Gauss function is
Γ−2(γ ◦ T )(x) = e
−
‖Tx‖2
2 . (3.2)
The function
x 7→
n
4J(f)
∫
Rn
|〈x, y〉|2hf(y)
−1dµf(y) (3.3)
is a continuous convex function. The LYZ ellipsoid of log-concave functions (1.2) can
be rewritten as
hΓ◦−2f (x) =
n
4J(f)
∫
Rn
|〈x, y〉|2hf (y)
−1dµf(y). (3.4)
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